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ON THE STABILITY OF POINTS OF LIBRATION
OF AN INHOMOGENEOUS TRIAXIAL ELLIPSOID

I.I. KOSENKO

A uniformly rotating inhomogenecus gravitating ellipsoid is considered.

On every ellipsoidal surface the density is constant. A material particle
can move freely in the space filled by the gravitating mass. Existence
conditions for relative equilibria are stated, and their stability is
studied. The results are interpreted from the view-point of stellar
system dynamics.

1. The existence of equilibria. The gravitating ellipsoid has semi-axes gy, 4, @3
and rotates with constant angular velocity @ about one axis {ag). Unlike /1/, it is assumed
to be inhomogeneous. The density is distributed ellipsoidally, being constant on every
similar ellipsoidal surface. The origin of the coordinate system z, (i == 1, 2, 3), which
rotates with the ellipsoid, is located at its centre, while the coordinate axes are along the
semi-axes ‘g; (i = 1, 2, 3) respectively.

Taking @ = (a,® + a,? + a8 and@ T = {/@ as the characteristic dimension and time, we
change to new (dimensionless) variablesby the relations x;=1§; (i =1,2,3),t = T1. The
equations of motion of a passive particle have the Hamiltonian form

§.=Hm “.Z—Hg; §7']ER3 (1.1}
H=bpnl+nb—nb—A®, A®=p a5

3

wd=Y 350, e=-Zk. aw={voa

k=1 B
S yhydu=1
p(py= 2000 5 1), Q ()= [(en + uaa + u)os + w)]s

SO0, HI=8(), [nl=m+nw’+n?" al=lm
(= 1,2,3)

The function 671 characterizes the density on an ellipsoidal layer, f is the gravitational
constant, and m is the total mass of the ellipscid. As a passive particle we can imagine a
star inside an elliptic galaxy.

We find the equilibrium positions from the conditions: Hi= Hy==0.
In more detail:

H&x hanl i 1) —A§“= 0, H;,:‘q;-—— A;, 2-“0, H;-;.: bt Ag‘xo
Hﬂxznl+§2=0’ Hm"‘:"lﬁ —§1=O7 Hﬂs= 738=0
In configuration space we obtain the system of equations
Bt Au =8+ App=Ayp=20

If a weak condition such as y & L, (R,) is imposed on the mass distribution, we have the
inclusion /2/ A CH(R®\ {0}). We can therefore calculate explicitly the derivatives Ay =
—2p8,F; (8), where

2 (§>=iﬁ§5‘;‘,ﬁ‘;—§’&,— du (i=1,2,3) (1.2)

The equations of equilibrium take the form

Bl —20F, (8) =0 (1=1,2), EpFs(}) =0 (1.3)
We shall consider various cases when these equations are solvable.
If £ %0, then F (F) ==0. Since the integrand is non-negative, we must have
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yIp (u, ) =0 for u=R, almost everywhere. Hence y(u) -0 almost everywhere for u o
[0, w (0, E)]. This means that the ellipsoid p (0, &) == u (0, &) is a bounded domain in R? filled
by a vacuum. This domain cannot be extended without limit, since the total mass of the
ellipsoid is certainly non-zero.

Inside the domain y[u (u, §)) =0, so that F;(§) =0. From this and (1.3) we have &, —

E, =0, 1.e., the equilibria cannot be isolated but must fill a piece of the axis of revolution
lying in a cavity.

In stellar dynamics, ellipsoidal objects with a vacuum in the central domain are of no
interest. We shall therefore consider henceforth points of libration which do not lie on the
axis of revolution. From (1.3) we immediately obtain E4° = 0, and all the singular points, if
there are such, lie in the equatorial plane.

If 1 — 20F; ()= 0, then § =0 (i =1,2,3) must be the centre of the ellipsoid.

There remains the possibility 1 — 2pF; (§°) = 0. Then, 1 — 2pF; (§) %0 (j i), if o, = a,.
Otherwise we must have «; = a, and the ellipsoid is a spheroid, while the equilibria fill a
circle.

In any case it suffices to confine ourselves to i = 1., By symmetry, the case i =2 is
considered in the same way. If 1 — 2pF, (§°) =0, then from (1.3) we must have E,°= 0. Hence
the equilibrium position is on the §;, axis and the problem of finding the points of libration
reduces to seeking the solutions of the equation

FE)=1-—20F (§,0,0)=0 (1.4)

Whether there are roots, and if so, how many, depends on the function y as well as on
the parameter values. In the case of actual elliptic galaxies, y can be taken to be a
continuous monotonically decreasing function.

Theorem 1. If the density v & L; (R,) is defined everywhere in R, and does not increase
as the argument increases, the necessary conditions for the existence of points of libration
are

1— 209 (0+)4,<0

. ‘ du .
V(0 4)= lim (), Ai—-é(a—i;—uw (i=1,2,3)

Here we have the alternative:
1°. Equilibrium exists and is unique only when
1 —20py0+)4, <0
2°. If the equilibrium is not unique, it is not isolated. The solutions of Eq. (1.4)

fill a piece of the &, axis, adjacent to the origin, while the density is constant on the
family of ellipsoidal surfaces which pass through the piece.

Proof. At zero, the function f has the right-hand limit f(§)—>1 — 20y (0 +)4,, & -0 +.

For, inasmuch as y is defined and monotonic in R,, it has a right-hand limit at zero.
Hence, given any sufficiently small e>0, there exists 8>0 such that, for |[§%a|<b we
have y(0+) —e<y (E2%) < vy(C¢-+). Since y is monotonic, for we=dR, we also have 7y(0-+)—e<
vI[&%(a + w)] < vy (0+ ), whence we obtain [y (0+4) — el 4, < F; (§1,0,0) <y (0+) 4;. Hence the limit F, (&,
0,0) »y(0+)4; » 5 —0+4 exists.

Again, since y is monotonic, f is also monotonic. It follows from /2/ that f(§;) is
continuous for §E; e (0, 4 o). Moreover, f(&)—>1, & — + oo,

For, y satisfies the condition, given among relations (1.1), for the mass to be finite.
For points on the §; axis, this condition can be written as

f_glsswdur SY(U’/’)dv<CI< oo, a—-—2

(o + w7 oy

[\

0

where ¢, >0 is a constant. Since, as u— + o, the limit (a, + w) (g -+ w)/(e; + u)t— 1
exists, we can choose a constant ¢, such that [(a; + u) (as + w)I™ < ¢, /(@, + u) for all u=R,.

Thus we finally have | F, (&, 0, 0) | <C 2¢,¢,/(38,®) > 0, & — -+ oo.

In short, if there is equilibrium at §,°>>0, then we must have f(0 -+ )<(0. The first
part of the theorem is proved.

Further, if the non-zero solution of (1.4) is unique, we must have f(0 + )<< 0. For, if
f(0 +) =10, then by the monotonicity we have f(§) =0 for all § & (0, §°), which contradicts
the uniqueness.

Conversely, let f(0 4)< 0 and at the same time let the uniqueness be violated, i.e.,
with El’y gl” > 07 el' < gl”v we have f (gl,) = f (gl”) = 0. Thenl Fl (gl”» Oy 0) - Fl (Elly 01 0) = 0.
Since v [(§,")/(@; + u)] <y [(8,)*/(2y -+ u)], because ¥ is monotonic, then for all wex= R, we
must have

v IES ) (o + u)l = v [(&) /(@ + W)l (1.5)



It can be shown that ¥y (u)= comst for g < (§;" Ve
wWe define u; from the equation (§,"¥(x, + w) = (§,')¥a,. We obtain u = a [(§"/§')P —~ 1] =a>0.
We assume inductively that, for u; (¢<»n) which satisfy the equation

o -1 =1

: k-1
& (al'i** Do+ “k) = (El')3<a1 + X u«;)
i=1 i=1
we have ux >« This is also true for uxy, since
ki3 .
A R L (CY R P
2 3

Hence the series uw;+ w-+ ... is divergent, so that it can be shown that y is constant.
For, vIE"Wie + u)l = v {&"Wa,) = y[(§,")%e], and since y is monotonic, throughout the interval
[0, 4} , with u»=1[0,u4], we have
v &M ey + w)] = v [(§,")¥x,] = const

Using identity (1.5), the function on the left~hand side of (1.5) can be continued
continuously from [0,%] into [0, w -+ wl, and so on, into any interval [0, g+ ug -+ . ..+ upl.
Since the upper limit is the partial sum of a divergent series, continuation is admissible
into the entire semi-infinite interval {0, -+ o).

Hence y(p)=const =v(0-+) for pe={0,(},")¥e,]. Hence f(E") =7(0+) =0, which contradicts
our assumption. Consegquently, there must only be one point of libration.

It is also clear from our proof that, when the uniqueness is violated, the equilibrium
positions fill the interval [0, (§,")¥«,] of the §; axis, while the density is constant in the
relevant family of ellipsoids. The theorem is proved.

2, Stability. By analogy with /1/, we pass to local coordinates by the canonical
transformation (§, m)« {q,p) with the aid of the generating function W&, p)=(E — &, p+ 1),
where (§° %) == (§,° 0,0, 0, §° 0) is the position of equilibrium of the Hamiltonian system,
if it exists, corresponding to the point of libration. The transformation relations are
g=Wy,=8—8, n=Wg=p+ 7"

The Hamiltonian function can be expanded in a power series in the neighbourhood of the
equilibrium position (if the density has the required smoothness)

hoad i o«
Hig.p =Y H@p=-7Ipl+po—pai— Y Axle),
k=3 k=2

where H, are homogeneous forms of the phase variables of degree k, and Ay are homogeneous
forms of the coordinates in the expansion of the potential in the neighbourhood of & =§° /2/.

As a point of libration A; depends only on the squares of &, (i =1,2,3)s In accordance
with /2/,

Agt = 20 (P2 + @5+ 0 Ay, = —209,, Ay, = —209,
9 = Fi (87 (i=1,2,3), ¢ =27 (&), (a;,0,)"

From equilibrium condition (1.4) we have 2p = {/¢,. 1In accordance with /2/, these ex-
pressions can be used if the function y is assumed to be continuous on the ellipsoidal layer
which covers the point of libration.

The form of lowest order in the expansions of H is

1 i 1 h
Hilqup)=—5 pi* + 5 B + 5 p* + p1gs — pags — gg—;——q:’ + -%-*’Ies + :%Qsz
and the characteristic equation of the first approximation system is
Mr+@—mr++g+r— gl (2 + gfp) =0
{8 = 9o b= (ps + 9)Vo1)

With respect to space coordinate g, the star performs normal oscillations with frequency
{ps/P:1)”>.  Hence it suffices to study the stability in the first approximation for motions in
the equatorial plane.

The equations of the first approximation of plane motion 2z’ = IG,, where 2 = (g, gy, P1, Pa}
and I is a simplectic matrix of fourth order, have the Hamiltonian G (z) = Hy (g, ¢» 0, Py, P2, 0).
In the sapce of parameters h and g, the set S of points for which the necessary conditions
of stability of the linear system hold, is obtained from the condition for the real part of
the roots of the characteristic equation to vanish. It is given by the inequalities (Fig.l)

g>0, h<<2, (g+ 12 —~2020 (1+g+h)(l—g >0

As distinct from the case of an external point of libration of a homogeneous ellipsoid



/1/, here the constraint 2 >0 is not present.
7 19 In the inhomogeneous case, h may be influenced
by the value of the density at the point itself.
The stability conditions of the linear

) system become sufficient if the matrix IG, is
g ' reduced to diagonal form by a suitable linear
substitution. In particular, this is true in the
4 domain Int §, where the roots of the characteristic

100 T(g.a) equation are pure imaginary, distinct, and not
equal to zero.
The set Rs(1,S)={h,g: I +g+n({l~pg =
Fig.l 0, h<{ 2, g>0}C8S (curve 1) corresponds to
first-order resonance {one of the frequencies is
zero}. A check shows that, for all (h, gl = Rs (4,
S), with the exception of (k, g) == (~—2, 1), the elementary divisor corresponding to the zero
eigepvalue of the matrix [G,, is not simple. Hence, for (h, g) = (—2, 1), the equilibrium
in the linear approximation is stable, while for (k, g) = Rs (1, )\ {(—2, 1)} it is unstable.
It remains to consider the set Rs (2, S)={h, g g+ k2P —2h =0,0<<h<C2} (curve 2}
of second-oxrder resonance. It can be shown that in this case the minor M;;of the matrix
716Gy — i {1 — H/2) E (obtained by striking out the first row and fourth column) is zerc only
when h =0 and h = 2. Hence, with (h, g)& Rs (2, §), the eigenvalue i (1 — h/2) has a non-
simple elementary divisor. Hence the instability follows.
To sum up, stability is ensured in the first approximation only when (&, g) < Int S | {{—
2, 1)}. Notice also that, with (h, @i Int S {(h, g h << — 2} = §,, the function & (z) 1is
positive definite by Sylvester's criterion. Hence with (k, g & §,, the function H,(g,p) is
also positive definite, and since H == H; + ... is the integral of the exact non-linear
system, then S, corresponds, by Lyapunov's celebrated theorem, to its stable eguilibrium
position.

3. Discussion. From the point of view of stellar system dynamics, a case of special
interest is that when the function y is decreasing and reaches a maximum at zero ({the centre
of the galaxy). It was remarked in /3/ that A4, 4;- 4, == 2/(ajo4%) 7% In the case of a non-
increasing function y R, — R,, which occurs for observed elliptic galaxies, ¢ >y VWal4; (=
1,2, 3), where we have the exact equality when the equilibrium position is not unique and the
points of libration fill the interval [0, §°] of the § axis, while the density is constant on
the appropriate ellipsoids.

Consequently, when the density does not increase on leaving the centre, we have the inequality
@y + @+ 03 > 2y [EO Mo V(o) = —¢, which is equivalent to 1+ g+ k>0 (Fig.l). Hence points
of the domain S, cannot correspond to a decreasing function vy

It is clear from this that stability only occurs in this case when g<4, i.e., when
oy < g The conclusions of /1, 3/ extend to the inhomogeneous case: if an isolated point of
libration is stable, it is located on the continuation of the lesser equatorial semi-axis.

After studying the stability in the first approximation, we can perform a non-linear
analysis for the set of parameters & {{h,g: 1+ g-+4>0}, in the same way as was done in /4/.
Clearly, in plane motion we have stability everywhere in Int §\ S, with the possible exception
of some resonance curves (the Arnold-Moser theorem). With respect to spatial motions we can
speak in this case of stability for the majority of initial conditions.

An unisoclated equilibrium position with g#1{a;+ ay) is realized only when t-g-+h =
One characteristic exponent is zerc. The elementary divisor corresponding to it is not simple.
The instability consits of a systematic shift along the § axis at a constant rate which
increases linearly as the distance from this axis increases. The explicit solution is easily
obtained by considering the motion of the star within a homogeneous ellipsoid, in the same
way as in /5/. The homogeneity follows from Theorem 1 and the fact of non-isolation. The
ellipsoids considered in /5/ were those in which the positions of relative equilibrium £ill
an interval of the § axis. Notice that, in the case when 1+ g-+4 =0, the Hamilton system
is linear: H (q,p)= H,{q.p)-

If g==1, the points of libration are likewise not isolated, but they fill a circle in
the plane of the equator. The galaxy has the form of a spheroid. It was pointed out in /4/
that here also, in the general case, we have instability for the non-linear system, due to
the systematic shift along a longitude.

The author thanks V.G. Demin for suggesting the problem and for his interest.
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THE DYNAMICS OF A RIGID BODY UNDER IMPACT"

V.A. SINITSYN

The motion of an absolutely rigid body under impact (impulsive motion) is
considered. The analogy between this motion and the motion of a rigid
body in a fluid is pointed out: the influence of the inertial properties
of the body on the motion is defined in both cases by three second-order
surfaces. The role of these surfaces when a body moves in infinite fluid
was established by Zhukovskii /1/. Using the moments of the impact pulses
at the point of contact (the influence of rolling friction and revolving
friction}, the necessary conditions are obtained for the appearance of
"tangential” impact (TI). A well-known characteristic of TI is that the
reaction assists in increasing the approach velocity of the points of
contact of the colliding bodies, including the case when the initial
approach velocity is zero ("collision without impact"). Previously /2-4/
studies of TI have only taken account of the impact pulse (the normal
component of the reaction and sliding friction). The physical meaning

of TI has been elucidated in a discussion of the "paradoxes" of dry
friction, see /5, Appendix 2/, and in the popular literature /6/. 1In
working devices TI often makes its appearance as dynamic selfbraking,
and as unwanted cases of "sticking” and "seizing."”

We consider the motion of a rigid body which belongs to a system with ideal constraining
links, linear with respect to the velocities (holonomic or non-holonomic}. Let the impact
action on the body be specified as a principal vector S and principal momentum L of the
impact force momenta, reduced to some centre. As usual in the case of impact, we neglect
displacements of the material particles of the system. As the basic coordinate system we
take a fixed system whose origin coincides with the centre of reduction of the impact force
momenta. Determination of the motion of the rigid body under impact amounts to finding the
angular velocity @ of the body and the velocity v of some pole.

As the pole we take the point O of the body which coincides with the origin of the basic
coordinate system (the position of the pole remains fixed during the impact, while its
velocity varies from some wvalue v~ before impact). We write the equations of the impulsive
motion of the body (motion under impact) /7/

. T N
iU =g TR, ST =gt o, )

20, = STaS, 20, = LTPL, ®y = STyL
a=ayll, B=1Bull.y=lIvull(i,j=1,2,3)

Here, vy, ©; Si, Ly (i =1, 2, 3) are the projections of the vectors v,e®,S,L on the axes
of the fixed coordinate system. The coefficients of the matrices g, B, y are found by means
of expressions for the kinetic energy €@ of the reduced system (a guadratic form in the kinetic
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